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Abstract
The extraction of information from IoT data plays a fundamental role in many ﬁelds. In this paper we focus our attention on
ﬁnancial data and we use them to describe derivatives in the Black-Scholes model. This model lets us obtain an expression of the
price of a derivative in a complete market with no possibility of arbitrage portfolios. Traders can sell amounts of assets even if they
do not own them (i.e., short sellings are allowed) and must pay no frictional costs.
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1. Introduction
The Internet of Things (IoT) denotes a system based on the link between the real world and Internet: real objects
send data to computers, and computers use them for their purposes; the term was created by Kevin Ashton (a British
pioneer, author of a global standard system for RFID and other sensors). In the twentieth century IoT systems have
known an exponential development, caused by many factors: the improving of Internet systems and Data Analytic
algorithms, the deﬁnition of a standard for networking (IP), and the rise of Cloud Computing. Some results of this
growth consist in the rising of the amount of Internet traﬃc and in a deep impact on human life, and this trend will
not decrease in the future. In fact a lot of industries are incorporating IoT technology into their products, services,
and operations (for example home controllers and security systems, devices to monitor maintain human health and
wellness, etc.).
In several research ﬁelds analysis and inference of information from data are crucial steps. For example, in the cultural
heritage context classiﬁcation techniques are presented in1,2,3,4,5. Collaborative analytics in the Internet of cultural
things are presented in6. IoT systems are characterized by very big and fast data ﬂows. For this reason we need
to have very eﬃcient communication models among IoT devices. We list some common models: Device-to-Device
Communications, i.e. two or more devices that directly connect and communicate between one another; Device-to-
Cloud Communications, where the IoT device connects directly to an Internet cloud service like an application service
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provider to exchange data and control message traﬃc; Device-to-Gateway Model, where there is an application soft-
ware operating on a local gateway device, which acts as an intermediary between the device and the cloud service and
provides security and other functionality such as data or protocol translation. A more general discussion on IoT can
be found in7,8,9,10.
An example of this big data ﬂow is represented by systems managing ﬁnancial data: number of internet services,
as home banking and on-line trading, which let people access Internet databases and do ﬁnancial transactions, is in-
creasing more and more. This implies the necessity to have very fast and eﬃcient methods able to solve problems
by available informations in real time. As a case study, we present the problem of pricing of derivatives. In order
to deal with the analysis of ﬁnancial data, we brieﬂy present the following stochastic framework. For our discussion
about Stochastic calculus we refer to11 and12. In the following we ﬁx our probability space (Ω, F,P). A risk-free
asset is identiﬁed by its real exponential price function B(t) = B0ert, with domain the compact [0;T ] and solution of
diﬀerential equation dB(t) = rB(t), with B(0) = B0 and r ∈ R+ is the risk-free interest rate.
Here, we focus on progressively measurable stochastic processes, deﬁned on [0;T ] × Ω, whose restrictions to every
compact subset are measurable respect to the sigma algebra product of Borellians of J and Ft. A remarkable example
is Brownian motion, a stochastic process Wt with a normal distribution N(0; t) and independent from the previous
paths at every instant (Markov property). We deﬁne the notion of Stochastic Integral with respect to a Brownian
motion W in the set L2loc(Ω), subset of L
2([0;T ] × Ω), composed of progressively measurable processes ut satisfying
the following condition:
P
(∫ T
0
u2t dt < +∞
)
= 1.
The construction of the Stochastic Integral is similar to the one of Lebesgue integral (for a more complete discussion
we refer to13,14). The ﬁrst step is the deﬁnition of the stochastic integral for the dense linear space of simple processes
u =
∑N
k=1 ek1]tk−1;tk[:
I(u) =
∫
ut dWt =
n∑
k=1
ek(Wtk −Wtk−1 )
and then the deﬁnition of the integral I(u) of general process of L2loc(Ω) as the linear stochastic process limit of the
succession of integrals of its approximating succession of simple processes. The concept of stochastic integral lets
us introduce the Geometric Brownian Motion (GBM), a progressive measurable process represented by an integral
expression:
S t = S 0 + μ
∫ t
0
S s ds +
∫ t
0
S s dWs μ, σ ∈ R
or, equivalently, dS t = μS tdt + σS tdWt. The coeﬃcient σ, called volatility, determines the stochastic eﬀect of the
GBM and μ is the drift parameter. We apply the following result, known as Ito’s formula,
S t = f (t;Wt) = ∂t f (t;Wt)dt + ∂x f (t;Wt)dWt +
1
2
∂xx f (t;Wt)σ2dt
to obtain the explicit expression of a GBM: S t = S 0eσWt+(μ−
σ2
2 )t. This result implies that a GBM is strictly positive,
satisﬁes Markov property and has a log-normal probability distribution. The values of mean and variance are the
following:
E[S t] = S 0eμt Var[S t] = S 20e
2μt(eσ
2t − 1)
The paper is organized as follows. In Section 2 we describe some mathematical preliminaries and the Black-Scholes
model. Section 3 introduces a numerical application, in which we also make use of both statistical and numerical
tools, with particular emphasis to Monte Carlo methods. Finally, in Section 4 we draw the conclusions.
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2. Mathematical preliminaries and stochastic model
The notion of complete market is strictly connected to a special ﬁnancial instrument: derivatives (for a more depth
study of it we refer to15). A derivative is a kind of contract whose value depends on another entity, named under-
lying: in our paper we focus our attention only on the case in which it is an asset (indicated by S t), and identify a
derivative with its value function F(S t), named payoﬀ function. Derivatives are used especially in risk management
and speculation ﬁeld. Simple examples of derivatives are european options. European options give the right to buy
(Call option) or to sell (Put option) its underlying in a future date by paying a price, called strike price: in the case of
a Call, the holder of the option decides to exercise his right iﬀ the value of underlying is higher than the strike price
and, by opposition, in the case of a Put iﬀ the value of underlying is lower than the strike price. These considerations
imply that payoﬀ function of a call can be formalized as F(S t) = max(S t − K; 0), while payoﬀ function of a put can
be formalized as F(S t) = max(K − S t; 0). The ﬁrst study of derivatives in a complete and no arbitrages market model
was proposed by Louis Bachelier (1870−1946) in his degree thesis16 (in particular, he studies options). In this model
two assets are present: a constant asset and a risk asset described by a Brownian motion. This model showed a big
problem: a Brownian motion can assume negative values, and this made it not appropriate for ﬁnancial applications.
This problem was solved by Blach-Scholes (see17,18) by substituting a Brownian motion with a geometric Brownian
motion S t, with volatility σ and drift parameter μ: this stochastic process is appropriate to model irregular ﬂuctua-
tions of a stock and, as we have seen in the previous section, it always assumes positive values. In addition to S t, in a
Black-Scholes market a risk-free asset B(t) is added. A portfolio (or strategy) is a stochastic process h = (αt; βt), with
α, β ∈ L2loc, whose value Vt(h) is the stochastic process Vt(h) = αtS t+βtBt, where S t and Bt are assets. A portfolio can
be interpreted as trader’s shares of a ﬁnancial investment. A particular family of portfolios is self-ﬁnancing portfolios.
Def. 1. A self-ﬁnancing portfolio is a strategy h where a change of its value depends only on a change in the values
of assets; this property is expressed in formal terms as follows: dVt = αtdS t + βtdBt.
In a Black-Scholes market a self-ﬁnancing portfolio f (t, s), whose value can be obtained only by present information,
must be the solution of the following parabolic partial diﬀerential equation, known as Black-Scholes equation.
σ2s2
2
∂ss f (t; s) + rs∂s f (t; s) + ∂t f (t; s) = r f (t; s) ∀(t; s) ∈ [0;T [×R+,
The main assumption of the model is the absence of arbitrage strategies.
Def. 2. An arbitrage strategy is a self-ﬁnancing portfolio ensuring a future positive also with a null initial value; this
property is expressed in formal terms as follows: V0(h) = 0 and ∃t0 ∈ I/Vt0 ≥ 0 and P(Vt0 (h) > 0) > 0.
The ﬁrst fundamental result of the model is represented by the completeness of the market.
Def. 3. A complete market is a market model where, for every derivative, we can construct a self-ﬁnancing portfolio
whose value function is equal to the pay-oﬀ function of the derivative (i.e. replication of a derivative).
The other two main results of the Black-Scholes model are the existence and the uniqueness of the no arbitrage price
(current value of the strategy preventing from the construction of an arbitrage strategy) of the replicating portfolio of
a derivative. By denoting the current instant by 0, the value of this price is the discounted value of our expectations
over the pay-oﬀ of the derivative at a future date:
P0 = e−rtE[F(S T )]. (1)
In the case of options the Eq. (1) assumes a more explicit expression:
c0 = S 0Φ(d1) − Ke−rTφ(d2), p0 = Ke−rTΦ(−d2) − S 0Φ(−d1)
where Φ(d) := 1√
2π
∫ d
−∞ e
− x22 dx, d1 =
log
(
K
S t
)
+
(
r+ σ
2
2
)
T
σ
√
T
, d2 = d1 − σ
√
T .
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3. Numerical approach
In this section we study the pricing problem from a numerical point of view. In particular, we want to estimate the
formula (1) by applying a Monte Carlo method and, at the end of the section, we give an example of application to
a real case (for Monte Carlo methods we refer to19,20). Monte Carlo methods are computational algorithms used to
approximate the mean value of a random variable X with a uniform distribution on unitary cube [0; 1]d (we focus on
the case of R, i.e., d = 1), whose order of convergence is equal to O
(
1
n
)
. They are based on two of the main theoretical
results of calculus of probability, the Strong Law of big numbers and the Central limit theorem.
Theorem 3.1 (Strong Law of big numbers). Let (Xn)n∈N a succession of Lebesgue integrable, independent and iden-
tically distributed random variables and satisfying the condition E[Xn] = μ ∀n ∈ N; then we obtain:
P
⎛⎜⎜⎜⎜⎜⎝ limn→+∞
n∑
k=1
Xk = μ
⎞⎟⎟⎟⎟⎟⎠ = 1.
Theorem 3.2 (Central limit theorem). Let (Xn)n∈N a succession of Lebesgue integrable, independent and identically
distributed random variables with E[Xn] = μ Var[Xn] = σ2 < +∞ ∀n ∈ N and Mn = (∑nk=1 Xk)/n; then the succession
Gn deﬁned as follows:
Gn =
√
n
(Mn − μ
σ
)
converges in distribution to a standard normal variable.
In our context, by applying the ﬁrst result, we obtain the following approximation for the Eq. (1),
P0 = e−rtE[F(S T )] ≈ e
−rT
n
n∑
k=1
F(S˜ (k)T ), (2)
where S˜ (k)T is a sample of the underlying calculated as
S˜ (k)T = S 0exp
(
σ
√
TZ˜k +
(
r − σ
2
2
)
T
)
, (3)
where Z˜k are pseudo-random numbers with a standard Normal distribution. The substitution of μ by r is justiﬁed by a
change of variables in the Black-Scholes formula (for more details we refer to12). The central limit theorem implies
that, for very high integers, a succession of uniform random variables becomes very similar to a normal succession:
this lets us apply the Monte Carlo method to our case, where log
(
S t
S 0
)
are normal distributed. We have to estimate
the unknown value σ, denoted by σ˜. To do this, we extract a sample (S k) of m past values of S t from a IoT database
and calculate the corresponding values of the process X = log
(
S t
S 0
)
. We have Var(X) = Tσ2. Since the process
Xt is a Normal process, we estimate the variance of X by using the sample variance respect to the observed data of
underlying:
Var(X) =
1
m − 1
m∑
k=1
(Xk − μ˜)2 μ˜ = 1m
m∑
k=1
(Xk). (4)
Monte Carlo methods ﬁnd great applications when we have to calculate the integral in a multidimensional space or
when the integrand is suﬃciently irregular. A numerical example is listed in the following. We want to determine the
price of an European gold Call on 31.05.2016, at the closing of the market, with strike price K = 1400 and expiration
date 01.06.2016; the risk-free rate is r = 0, 12. The ﬁrst step consists in estimating the volatility of gold. We have
extracted a set of historical values of gold from an IoT dataset21. More in detail, we have chosen the value relative
to period from 25.04.2016 to 01.07.2016. Such data are reported in Table 1. In detail, for each day there are four
values: (i) the one when the market closes (i.e., last), (ii) the one when the market opens (i.e., ﬁrst), (iii) the higher
(i.e., max) and (iv) the lowest (i.e., min) values in that day. The information have been divided into two parts: the
dates from 30.05.2016 to 01.07.2016 (from the ﬁrst to the ﬁfth column) and the dates from 25.04.2016 to 27.05.2016
(the remaining columns). By applying the Eq. (4) (in this case, the estimation starts on 25.04.2016), we obtain the
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Table 1. Extraction of historical data of underlying.
Date Last First Max. Min. Date Last First Max. Min.
01.07.2016 1336,7 1324,5 1344,2 1321,9 27.05.2016 1213,8 1220,3 1223,2 1206,4
30.06.2016 1318,4 1315,8 1323,5 1314,5 26.05.2016 1220,1 1232,6 1232,6 1230,6
29.06.2016 1323,9 1311,6 1327,4 1311,6 25.05.2016 1223,5 1219,3 1219,3 1218,6
28.06.2016 1315,3 1314,8 1315,6 1314,1 24.05.2016 1228,9 1240 1240 1228,2
27.06.2016 1322,5 1330 1331,7 1320 23.05.2016 1251,1 1251,6 1251,6 1247,5
24.06.2016 1320 1253,7 1355,6 1253,7 20.05.2016 1252,4 1256,6 1256,6 1255,4
23.06.2016 1261,2 1263,4 1270,5 1255,2 19.05.2016 1254,2 1248 1255,5 1247,5
22.06.2016 1268 1267 1269,2 1264,9 18.05.2016 1273,7 1276,4 1276,4 1256,8
21.06.2016 1270,5 1293,9 1293,9 1266,3 17.05.2016 1276,2 1272,5 1281,6 1270,8
20.06.2016 1290 1288,9 1291,2 1280,3 16.05.2016 1273,4 1272,8 1287,8 1272,8
17.06.2016 1292,5 1280,3 1300,1 1280,3 13.05.2016 1271,9 1271,4 1275,7 1264,6
16.06.2016 1296,1 1296,3 1316,4 1281,1 12.05.2016 1270,3 1267 1281,2 1264
15.06.2016 1285,8 1284,6 1296,2 1278,8 11.05.2016 1274,6 1266,9 1279,2 1266,9
14.06.2016 1285,6 1281,8 1289,7 1277,8 10.05.2016 1263,9 1265,1 1267,4 1258,7
13.06.2016 1284,4 1276,2 1287,3 1273 09.05.2016 1265,6 1286,5 1286,5 1262,3
10.06.2016 1273,4 1267,6 1278 1265,3 06.05.2016 1292,9 1278,6 1295,6 1276,9
09.06.2016 1270,2 1262,5 1271,4 1258,1 05.05.2016 1271,4 1282,9 1286 1270,8
08.06.2016 1259,8 1247,6 1264 1247,3 04.05.2016 1273,3 1286,9 1290 1273
07.06.2016 1244,4 1244 1244,9 1236,5 03.05.2016 1290,7 1292,7 1301,5 1284,5
06.06.2016 1244,6 1244,4 1247,3 1240 02.05.2016 1294,7 1292,1 1304,4 1290,4
03.06.2016 1240,1 1209,1 1244,5 1206,4 29.04.2016 1289,2 1267,3 1295,5 1267,2
02.06.2016 1209,8 1212,4 1217 1209,6 28.04.2016 1265,5 1245,9 1270,1 1238,5
01.06.2016 1211,9 1215,7 1219,8 1205,4 27.04.2016 1249,2 1248,6 1249,5 1248,6
31.05.2016 1214,8 1212,5 1217,6 1199 26.04.2016 1242,2 1239,8 1244,2 1233
30.05.2016 1212,15 1208,25 1213,15 1201,8 25.04.2016 1199 1231,6 1240,9 1231,6
estimation of the volatility σ ≈ 0, 025. The second step consists in determining approximations of underlying S t (in
our case 200), according to (3) (the pseudo-casual numbers have been generated by the matlab function NORMRND).
The diﬀerences S˜ (k)T − K are reported in Table 2. Finally, the last step is the calculation of the price by applying the
Table 2. Estimation of pay-oﬀs of the option.
-108,1 0,9 -112 -72,6 -45,9 -35,6 -58,5 -43,4 -75,7 28,7
-73,5 -85,2 -48,2 -31,8 -41,2 -23,6 -28,8 -116,4 10,5 -59,4
-65,5 -46,9 -63,5 -95,2 -98,4 -31,4 -54,2 -11,1 -46,1 0,4
-41 -81,4 -78 -14,7 -13,6 -90,6 -1,9 -105,1 -70,3 -54
-63,7 -7,4 -4,9 -30,7 -20,9 -32,6 -26,4 -32,9 -42,1 -88
-50,7 -82,1 -50,4 -59,8 -31 -4,9 -48,4 -10,5 -83,5 -23,3
-88,1 -68,3 -62,3 -79,9 -45,1 -24,8 -18,1 -30,9 -74,2 -83,7
-5,2 -15,5 -65,7 -83,8 -46 -96,3 -34,1 -43,8 -110 -77,9
15,7 -24,7 -72,8 -98,1 -4,3 -38,3 -42,6 -20,7 -26,4 -43,2
-62,5 -29,3 -111,3 -69,4 -44,5 -51,6 -47,2 -39,9 4,9 -58,8
-98,1 -44,8 3,6 -97,2 1,1 -58,5 -72,9 -74,5 -59,1 -49,7
-46,8 -34,3 -75,2 -17,5 -52,1 -87,4 -86,8 -70,6 -39,8 -63,8
-66,4 38,2 -57,5 -66,3 -65,7 -33 -52,7 -52 -57,1 -37,6
-47,9 -11,1 -53,5 -94,4 -66,2 -68,8 -83,6 -36,8 -33,8 -73,8
-64,2 -86,7 -50,1 7,9 -69,7 -21,4 -57,2 -72,3 -57,6 -121,7
11,7 -77,5 -41,3 -44,1 -23,5 -21,7 -43 -60,8 -21,9 -43,4
-47,5 -77,6 -54,2 -48,8 -48,2 -53,4 -53,4 -61,2 -82,8 -75,4
-105,4 -73,5 -31,5 -97,7 -24,9 21,1 -87,9 -94,6 -73,5 -34
-19 -10,7 -48,9 30,4 -53,2 -101,2 -2,5 -58,1 -95,1 -51,3
-73 -58,4 -25 -65 -43,9 -37,9 -79,1 -73,2 -46,8 -32,6
Eq. (2).
P0 = e−rtE[F(S T )] ≈ e
−rT
n
n∑
k=1
F(S˜ (k)T ) =
e−rT
n
∑
S˜ (k)T >K
(S˜ (k)T − K).
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The value we obtain by applying the previous expression is 0, 6.
4. Conclusions
In this paper we have described the Black-Scholes model applied to a case study. We have addressed the problem
of determining a no arbitrage price for self-ﬁnancing portfolios in a complete and no arbitrage market. First results
encourage us to deeply investigate numerical and statistical methods in order to build tools for analysing and inferring
data coming from the IoT ﬁnancial contexts.
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